Abstract. An upper bound is obtained on the rank of a torus which can act smoothly and effectively on a smooth, closed, simply connected, rationally elliptic manifold. In the maximal-rank case, the manifolds admitting such actions are classified up to equivariant rational homotopy type.
Introduction
Recall that a simply connected topological space X is rationally elliptic if dim Q H * (X; Q) < ∞ and dim Q (π * (X) ⊗ Q) < ∞. An action of a compact Lie group G on X is said to be effective if g = e ∈ G whenever g · x = x for all x ∈ X. The action is almost free if, for every x ∈ X, the isotropy group G x = {g ∈ G | g · x = x} is finite.
Theorem A. Let M n be a smooth, closed, simply connected, rationally elliptic n-dimensional manifold equipped with a smooth, effective action of the k-torus T k . Then k ≤ 2n 3 . Moreover, any subtorus of T k acting almost freely on M n has rank ≤ n 3 .
To the best of the authors' knowledge, these simple inequalities have not appeared in the literature, even though torus actions on rationally elliptic spaces have received much attention (see, for example, [1, 19] and related papers). In the equality cases, it is possible to determine which (equivariant) rational homotopy types can arise. For a definition of equivariant rational homotopy equivalence, see Definition 2.3. Here T 1 (S 2 × S 2 ) denotes the unit tangent bundle of S 2 × S 2 . Each manifold N m × n−m i=1 S 3 is equipped with a canonical linear T k action such that the rational homotopy equivalence is T k -equivariant (in the sense of Definition 2.3).
It is easy to see that each of the model spaces in Theorem B admits a maximal-rank torus action of the appropriate type. In the effective case, the rigidity part is obtained in two steps. First, it is shown that any manifold in part (2) of Theorem B must be (equivariantly) rationally homotopy equivalent to a manifold of one of the following forms:
(1) X × S 3 , with X ∈ {S 3 , S 4 , S 5 , S 7 , S 5 × S 5 }; (2) (Y × S 3 )/S 1 , with Y ∈ {S 3 , S 5 }; or (3) ( S 3 )/T 2 . The second step is to show that any manifold of this form belongs to one of the finitely many options listed in Theorem B. The biggest difficulty is to classify the rational homotopy types of manifolds of the form ( S 3 )/T 2 and is dealt with in Theorem 6.1.
The conclusion of Theorem B regarding finitely many rational homotopy types in each dimension is in contrast to the case of effective actions of rank k = 2n 3 − 1, even in low dimensions. For example, B. Totaro [31] has demonstrated that there are infinitely many rational homotopy types of 6-dimensional manifolds of the form (S 3 ×S 3 ×S 3 )/T 3 , each of which admits an effective T 3 action. Similarly, in each dimension n = 3m + 1, m ≡ 1 mod 4, there are infinitely many rational homotopy types of manifolds which admit an almost-free torus action of rank In low dimensions, it is possible to obtain some partial results in this direction. These can be found in Section 7.
The original motivation for the present work comes from the study of closed Riemannian manifolds with positive or non-negative sectional curvature. One of the central conjectures in the subject is the following:
Conjecture (Bott). A closed, simply connected manifold which admits a Riemannian metric of non-negative sectional curvature is rationally elliptic.
Although all known examples admitting positive or non-negative sectional curvature are rationally elliptic, examples of such manifolds are rare and difficult to find. Nevertheless, Theorem A implies that a simply connected nmanifold admitting both a metric of non-negative curvature and an effective action by a torus of rank greater than 2n 3 would be a counter-example to the Bott Conjecture. On the other hand, assuming that such an example does not exist, it is clear that Theorem B suggests strong restrictions on the topology of manifolds which admit a metric of non-negative curvature.
If it is assumed that, rather than being rationally elliptic, M n admits a T k -invariant metric of non-negative sectional curvature with k = 2n 3 , then (under additional assumptions) C. Escher and C. Searle have recently announced a proof of a statement similar to the Rigidity Conjecture above, see [9] . Taken together, Theorem B and [9] should be seen as evidence for the validity of the Bott Conjecture and, indeed, in [15] the Bott Conjecture is proven in the presence of an isometric, slice-maximal torus action (see Section 5 for a definition).
There is a further interesting consequence of Theorem B. Recall that the largest integer r for which M n admits an almost-free T r -action is called the toral rank of M n , and is denoted rk(M ). By Theorem A, it is clear that rk(M ) ≤ n 3 . The Toral Rank Conjecture, formulated by S. Halperin, asserts that dim H * (M ; Q) ≥ 2 rk(M ) .
Corollary C. Let M n be a closed, simply connected, rationally elliptic, smooth n-manifold with a smooth, effective action of the k-torus T k , k ≥ 1. If k = 2n 3 , or if T k contains a subtorus of rank n 3 which acts almost freely, then M n satisfies the Toral Rank Conjecture.
The paper is organised as follows: In Section 2 some basic definitions and facts about group actions and rational ellipticity are collected. Section 3 contains the proof of the inequalities in Theorem A, as well as some simple corollaries. Sections 4 and 5 deal with the classification statements of Theorem B. The proof that only finitely many rational homotopy types arise in the classification can be found in Section 5 (the case b 2 (M n ) = 1) and in Section 6 (the more difficult case of b 2 (M n ) = 2). Finally, in Section 7, some stronger classification results in low dimensions are discussed.
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Preliminaries

Group actions.
Let Φ :
be an action by a compact Lie group G on a topological space X. Denote the orbit of a point x ∈ X under the action of G by G * x ∼ = G/G x , where G x = {g ∈ G | g * x = x} is the isotropy subgroup of G at x. If the space X is a smooth manifold and Φ is a smooth map, then the action is said to be smooth and, in that case, the orbits are smooth submanifolds of X.
The action is effective if the subgroup {g ∈ G | Φ(g, ·) = id X } ⊆ G is trivial, and it is almost free (resp. free) if the isotropy subgroup G x is finite (resp. trivial) for all x ∈ X. The orbit or quotient space of the action will be denoted by X/G. If X is a smooth manifold and G acts freely (resp. almost freely) on X, then X/G is a smooth manifold (resp. orbifold) of dimension dim(X) − dim(G).
To every compact Lie group G one can associate a contractible space EG on which G acts freely. The quotient space BG = EG/G is called the classifying space of G and the principal G-bundle G → EG → BG is called the universal G-bundle.
Given the action Φ of G on X above, there is a fibre bundle X → X G → BG associated to the universal G-bundle, where X G = EG× G X = (EG×X)/G is the quotient of EG × X by the (free) diagonal G action. The space X G is called the Borel construction corresponding to the action Φ. Furthermore, as EG is contractible, EG×X is homotopy equivalent to X and the principal G-bundle G → EG × X → X G yields, up to homotopy, a G-bundle
The equivariant cohomology of X with respect to the action Φ and with coefficients in a ring R is given by H * G (X; R) = H * (X G ; R), i.e. the ordinary R-cohomology of the Borel construction X G . In particular, if X is compact, then the action Φ is almost free if and
Rational homotopy theory.
Below (with minor abuses of terminology) is a brief summary of those aspects of rational homotopy theory pertinent to the results on rationally elliptic manifolds in the present article. A more complete treatment can be found in, for example, [10, 11] . At the end, a new definition of equivariance for rational homotopy equivalence is introduced.
Let X be a simply connected topological space. The rational homotopy groups of X are given by the Q-vector spaces
The space X is said to be rationally elliptic if
Whenever dim Q H * (X; Q) < ∞, there is an integer n X , called the cohomological dimension of X, such that H n X (X; Q) = 0 and H i (X; Q) = 0, for all i > n X . If X is a closed manifold, then clearly n X = dim(X). The homotopy Euler characteristic of X is given by
As X is simply connected, set V 1 = {0}. From the rational homotopy groups, one can then construct a graded vector space V X = ⊕ ∞ i=0 V i associated to X, where
An element v ∈ V i is said to be homogeneous of degree deg(v) = i. The tensor algebra T V X on V X has an associative multiplication with a unit 1 ∈ V 0 given by the tensor product V i ⊗ V j → V i+j . Taking the quotient of T V X by the ideal generated by the elements v ⊗ w − (−1) ij w ⊗ v, where deg(v) = i, deg(w) = j, yields the free commutative graded algebra ∧V X . In particular, multiplication in ∧V X satisfies v · w = (−1) ij w · v, for all v ∈ V i and w ∈ V j .
Given a homogeneous basis
As it turns out, ∧V X possesses a linear differential d X , i.e. a linear map d X : ∧V X → ∧V X satisfying the following properties:
(1) d X has degree +1, i.e. d X maps elements of degree i to elements of degree i + 1.
there is an increasing sequence of graded subspaces Let now E and X be simply connected topological spaces and let p : E → X be a Serre fibration with simply connected fibre F . If (∧V X , d X ) and (∧V F , d F ) are the minimal models of X and F , respectively, then E has a relative minimal model of the form
where
Note that the relative minimal model (∧V X ⊗ ∧V F , D) need not be a minimal model for E since, although the differential D satisfies the conditions analogous to (1)-(4) above, it may not be decomposable. Nevertheless, one still has
Proposition 2.1 ([10], Chap. 32). Let X be a rationally elliptic, simply connected topological space of cohomological dimension n X . Suppose further that X admits an almost-free action by a torus of rank k. Then:
The following lemma is well known, but a proof is provided for completeness.
Lemma 2.2. Assume that a k-dimensional torus T k acts almost freely on a compact, simply connected topological space X of cohomological dimension n. If X is rationally elliptic, then the Borel construction X T is rationally elliptic and of cohomological dimension n − k.
Proof. As previously mentioned, the inequality dim Q H * (X T ; Q) < ∞ follows from Proposition 4.1.7 in [2] . Given this, the Serre spectral sequence of the (homotopy) fibration T k → X → X T yields that the cohomological dimension of X T is n − k. Therefore, it remains to show only that dim Q (π * (X T ) ⊗ Q) < ∞. As X is rationally elliptic and π j (T k ) = 0 for all j ≥ 2, this follows immediately from the long exact sequence of homotopy groups for the fibration
The following definition gives a notion of equivariant rational homotopy equivalence. In this article, it will be used in the context of torus actions. Definition 2.3. Let X and Y be simply connected topological spaces which both admit an effective action by a compact Lie group G. A rational homotopy equivalence between X and Y is said to be G-equivariant if the corresponding Borel constructions X G and Y G are also rationally homotopy equivalent and there exists a commutative diagram
where the horizontal arrows are isomorphisms induced by the respective rational homotopy equivalences.
Bounds on the rank of a torus action
Let M n be an n-manifold which is smooth, closed, simply connected and rationally elliptic, and on which the k-torus T k acts smoothly and effectively.
Almost-free bound. Assume that T k acts on M n almost freely and let M T be the corresponding Borel construction. By Lemma 2.2, M T is rationally elliptic of cohomological dimension n − k. Therefore, by Proposition 2.1,
It now follows immediately that 3k ≤ n, i.e. k ≤ n 3 . Effective bound. If the T k action is only effective, let s > 0 be the dimension of the largest isotropy subgroup of the action. Since M n is compact, there exist only finitely many orbit types. By looking at the Lie algebra of T k , it is clear that a subgroup T k−s ⊆ T k can be found, whose intersection with each isotropy group is finite. As a consequence, T k−s acts almost freely on M n . The bound on the rank of almost-free actions established above then yields 3(k − s) ≤ n.
Suppose now that p ∈ M n is a point with isotropy subgroup T p of dimension s. The orbit T k * p through p has dimension k − s, and the normal space ν p (T k * p) at p has dimension n − k + s. The connected component of the identity in T p is a torus T s of rank s, which acts linearly and effectively on ν p (T k * p). Hence 2s ≤ n − k + s or, equivalently, s ≤ n − k.
Combining these two inequalities yields
from which it follows 3k ≤ 2n.
Remark 3.1. In establishing an upper bound on the rank of a torus acting effectively, the hypothesis that M n is rationally elliptic was used only to ensure that 3(k − s) ≤ n. Even if this hypothesis is dropped, the inequality s ≤ n − k remains valid. If it is now assumed, additionally, that 3s ≥ n, then one obtains n ≤ 3s ≤ 3(n − k) and, consequently, 3k ≤ 2n.
In particular, this implies that k ≤ 2n 3
whenever M n has a T k -invariant Riemannian metric of non-negative curvature and 3s ≥ n. Therefore, if one could show that k ≤ 2n 3 when 3s < n, i.e. whenever the maximal dimension of an isotropy subgroup is small, then one would have confirmed the upper bound on the symmetry rank of non-negatively curved manifolds which was conjectured in [16] . C. Escher and C. Searle have independently made a similar observation in their recent preprint [9] . Remark 3.2. As previously mentioned, the rational ellipticity of M n is used only to obtain the inequality n − k ≥ 2 d 2 (M T ). Suppose instead that X is a simply connected topological space of cohomological dimension n, i.e. n is the minimal integer such that H i (X; Q) = 0 for all i > n. If k ∈ N is the maximal rank of a torus that can act almost freely on X and n − k ≥ 2 d 2 (X T ), then the long exact homotopy sequence for the homotopy fibration T k → X → X T again yields the inequality 3k ≤ n.
If X is also Hausdorff and completely regular, then, by [4, Thm. II.5.4], there exist linear representations of the isotropy subgroups of an effective torus action, analogous to the slice representation. As before, one obtains an upper bound on the rank of a torus acting effectively on X.
To finish this section, a number of simple applications of Theorem A are provided, the statements of which may be useful in their own right. Corollary 3.3. Let M n be a closed, simply connected, rationally elliptic, smooth n-manifold. If a torus T k acts smoothly on M n with cohomogeneity d, then n ≤ 3d.
Proof. Without loss of generality, it may be assumed that T k acts effectively on M n , since the principal isotropy group fixes all of M n pointwise. It follows that d = n − k and 3k ≤ 2n = 3n − n, whence n ≤ 3(n − k) = 3d.
It was shown in [17] that a closed, smooth manifold which admits a cohomogeneity-one action by a compact Lie group G is rationally elliptic. If one wishes to classify cohomogeneity-one manifolds, it is useful to be able to find restrictions on which Lie groups can arise.
Corollary 3.4. Let M n be a smooth, closed, simply connected n-manifold on which a compact Lie group G acts effectively and smoothly with cohomogeneity one. Then 3 rank(G) ≤ 2n.
Proof. By considering the action on M n of the maximal torus inside G, the result follows immediately from Theorem A.
In fact, given some mild control on the topology of principal orbits, one can do even better.
Corollary 3.5. Let M n be a smooth, closed n-manifold on which a compact Lie group G acts effectively and smoothly. If the principal G-orbits are simply connected and of codimension d, then rank(G) ≤
Proof. As the G-orbits are homogeneous spaces, they are rationally elliptic.
The maximal torus T of G must act effectively on a principal orbit since, otherwise, the ineffective kernel of the T action would act trivially on the regular part of M n , i.e. on the open, dense collection of all principal Gorbits, hence on all of M n , contradicting the effectivity hypothesis for the G action. As a principal orbit has dimension n − d, the result follows.
Maximal almost-free actions
The existence of an almost-free torus action of maximal rank has strong implications for the topology of the space. The lemmas in this section together ensure that such a space is rationally homotopy equivalent to one of
thus verifying Theorem B(1).
Lemma 4.1. Let M n be a smooth, closed, simply connected, rationallyelliptic n-manifold on which the torus T k of rank k = n 3 acts smoothly and almost freely. Then
where d 2 (M ) = 1 is only possible if n ≡ 2 mod 3.
Proof. Observe first that n = 3k + µ, µ ∈ {0, 1, 2}, and that the long exact homotopy sequence for the homotopy fibration
By Lemma 2.2, M T is rationally elliptic of cohomological dimension n−k. Hence, by Proposition 2.1,
This information determines the possibilities for the rest of the rational homotopy groups. Lemma 4.2. Let M n be a smooth, closed, simply connected, rationallyelliptic n-manifold on which the torus T k of rank k = n 3 acts smoothly and almost freely. Then n ≡ 1 mod 3. Furthermore, if n ≡ 0 mod 3, then
whereas, if n ≡ 2 mod 3, either
Proof. Since n = 3k+µ, µ ∈ {0, 1, 2}, and, by Lemma 4.1, for even homotopy groups only d 2 (M ) is possibly non-trivial, it follows from Proposition 2.1 that
Hence,
By applying the inequality (2.2) from Proposition 2.1 once more, the result follows. Indeed, when µ = 0, one obtains 3k = n = 3 d 3 (M ), as desired. When µ = 1, 3k + 1 = n = 3 d 3 (M ) is impossible. Finally, when µ = 2, the identity 3k
It remains to use Lemma 4.2 to determine the minimal models, hence rational homotopy types, of n-manifolds admitting an almost-free action by a torus of rank n 3 . The more difficult case, namely, when d 5 (M ) = 1, will be ignored for the moment. Lemma 4.3. Let X be a simply connected, rationally elliptic topological space.
(1) If d 3 (X) = k and d j (X) = 0 for j = 3, then X is rationally homotopy equivalent to
Proof. In the first case, by the discussion in Subsection 2.2, the minimal model for X is (∧V X , d X ), where ∧V X = ∧(x 1 , . . . , x k ) is the exterior algebra on k elements x i , where deg(x i ) = 3 for all i = 1, . . . , k. Moreover, the differential is trivial, i.e. d X (x i ) = 0 for all i = 1, . . . , k, since ∧V X has no elements of degree 4. Hence, (∧V X , d X ) is precisely the minimal model of
In the second case, the free commutative graded algebra for X is ∧V X = ∧(u, x 0 , . . . , x k ), where deg(u) = 2 and deg(x i ) = 3 for all i = 0, . . . , k. Since the differential d X is decomposable, it follows that d X (u) = 0. In order to determine d X , the image of
must be identified. If the image were trivial, this would imply that, for all
is non-trivial, contradicting the rational ellipticity assumption. Because d X | V 3 is linear, it must therefore be surjective. By a change of basis, it may thus be assumed without loss of generality
which is the minimal model of Lemma 4.4. Let X be a compact, simply connected, rationally elliptic topological space such that d 2j (X) = π 2j (X) ⊗ Q = 0, for all j ≥ 1. If a torus T k acts almost freely on X and k = −χ π (X), then X is rationally homotopy equivalent to a product of odd-dimensional spheres.
Proof. Let (∧V X , d X ) be a minimal model for M , so that V 2i X = 0, for all i ∈ N. Notice that, since χ π (X) = −k, it follows from [10, Thm. 15.11] that dim Q (V X ) = k. To prove the lemma, it suffices to show that the differential d X is the zero map.
By Lemma 2.2, the Borel construction X T is rationally elliptic. The relative minimal model of X T corresponding to the bundle
Thus, it need only be shown that the image of D| V X lies in Q + [x 1 , . . . , x k ] ⊗ ∧V X , i.e. in the ideal generated by
Note, in particular, that (∧V , D) is a minimal model for X T , since Im(D) ⊆ ∧ ≥2 V as a result of (∧V X , d X ) being minimal and all elements of V X being of degree ≥ 3 > 2 = deg(x i ). By the minimality of (∧V , D),
Thm. 15.11]). Therefore,
It now follows from [10, Prop. 32.10] that (∧V , D) is a pure Sullivan algebra, i.e. there is a differential-preserving isomorphism
The proof that D(V X ) ⊆ Q + [x 1 , . . . , x k ] ⊗ ∧V X will be done by induction on degree. First, since there are no non-trivial elements of degree < 4 in ∧ ≥2 V , it follows that Φ(v) = ϕ(v) whenever v ∈ V with deg(v) ≤ 3. Therefore, the maps
are isomorphisms. Hence, for any v ∈ V 3 X = V 3 , one has Φ(v) ∈ U 3 and,
Since Φ is surjective, there is a y ∈ ∧ ≥2 V such that Φ(y) = y. Therefore, Φ(v − y) = ϕ(v) ∈ U and, as a result,
By the injectivity of Φ, this implies that D(v) − D(y) ∈ Q[x 1 , . . . , x k ]. However, since y ∈ ∧ ≤2 V is a linear combination of products of elements of degree ≤ 2j−1, the induction hypothesis ensures that
Hence, by induction, Im(D| To check now for equivariance of the rational homotopy equivalence in Theorem B(1), it would be sufficient to show that H * T (M ; Q) and H * T (X × S 3 ; Q) are isomorphic. Of course, this is not going to be trivially true, given the plethora of maximal-rank, almost-free torus actions on S 3 . For example, if M = S 3 × S 3 , then one can find a free T 2 action on M and a free T 2 action on the model space S 3 × S 3 , such that the quotients are S 2 × S 2 and CP 2 #CP 2 respectively. The rational cohomology rings of these quotient spaces are clearly not isomorphic (and neither are the minimal models).
Nevertheless, it would still be sufficient to show that there is some almostfree torus action of maximal rank on X × S 3 such that equivariance of the rational homotopy equivalence holds.
Maximal effective actions
It turns out that effective torus actions of maximal rank are special cases of a more general type of action, namely slice-maximal actions, as defined in [15] (see also [20, 32] ): A smooth, effective action of the torus T k on a smooth, closed n-manifold M n is called slice maximal if n = k + s, where s is the maximal dimension of an isotropy subgroup.
Lemma 5.1. Let M n be a smooth, closed, simply connected, rationally elliptic, n-dimensional manifold which admits a smooth, effective action of the torus T k of rank k = ⌊ 2n 3 ⌋. Then the T k action is slice maximal. Moreover, if n ≡ 1 mod 3, there is a rank-⌊ n 3 ⌋ subtorus of T k acting almost freely on M n , while if n ≡ 1 mod 3, there is an almost-free action by a subtorus of rank ⌊ n 3 ⌋ − 1.
Proof. Let s > 0 be the maximal dimension of an isotropy subgroup of the T k action and let p ∈ M n be such that the isotropy subgroup T p at p has dimension s. It is known from the arguments in Section 3 used to prove Theorem A that k + s ≤ n and that there is a subtorus of rank k − s acting almost freely on M n , hence 3(k − s) ≤ n. By hypothesis, there is some a ∈ {0, 1, 2} such that 2n = 3k + a.
Suppose that n > k + s. Then a ∈ {1, 2}, since
implies 2n > 3k. Now, from 3(k − s) ≤ n, one observes that 6s ≥ 6k − 2n = 3k − a, which in turn yields 2s ≥ k, since 6s is divisible by 3 and a ∈ {1, 2}. On the other hand,
from which one concludes that k ≤ 2s < k + a. If a = 1, then k = 2s and, hence, 2n = 6s + 1, which is impossible. If a = 2, then k is even, as 2n = 3k + 2. Therefore k = 2s, n = 3s + 1 and k − s = s = ⌊ n 3 ⌋, which contradicts Lemma 4.2, i.e. if n ≡ 1 mod 3, then M n cannot admit an almost-free action of rank ⌊ n 3 ⌋. It thus follows that n = k + s, hence that the T k action is slice maximal, as desired.
The identities n = k +s and 2n = 3k +a yield k = 2s−a, hence n = 3s−a and k − s = s − a. By considering each a ∈ {0, 1, 2} in turn, the remaining statements follow easily.
In [15] rationally elliptic manifolds admitting slice-maximal torus actions have been classified up to equivariant rational homotopy equivalence, which allows the proof of Theorem B to be completed. Indeed, it was shown that if M n admits a slice-maximal T k action, it must then be (T k -equivariantly) rationally homotopy equivalent to the quotient M ′ of a product of spheres i S n i , n i ≥ 3, by a free, linear T l action. The long exact sequence of homotopy groups for the principal bundle
is nonzero (in fact, equal to 1) only for j = k and, when k is even, for j = 2k − 1, the numbers d j (M ) completely determine the dimensions of the spherical factors in i S n i . Theorem 5.2. Let M n , n ≥ 3, be an n-dimensional, smooth, closed, simply connected, rationally elliptic manifold equipped with a smooth, effective action of the torus T k of rank 2n 3 . Then M n is T k -equivariantly rationally homotopy equivalent to a manifold of one of the following forms:
Proof. When n ≡ 1 mod 3, the possible rational homotopy types are given by Theorem B(1), established in Section 4, due to the existence of an almostfree action by a subtorus of rank n 3 . Note, in particular, that S 2 × S 3 ≃ Q ( S 3 )/S 1 for every free, linear S 1 action on S 3 .
Suppose now that n ≡ 1 mod 3. By the discussion above, in order to determine the possible rational homotopy types, it suffices to determine the possible dimensions d j (M ) of all rational homotopy groups.
Let n = 3l + 1, l ≥ 1, and let s > 0 be the maximal dimension of an isotropy subgroup. Then k = 2l and, by Lemma 5.1, k − s = l − 1. Hence l = s − 1, and n and k can be rewritten as n = 3(k − s) + 4 = 3s − 2 and k = 2(s − 1), respectively. By repeating the analysis in the proof of This inequality, together with the identity n = 3
from Proposition 2.1, yields that the only possibilities are
(1, 0, 1, 0), (0, 0, 2, 0), (0, 1, 2, 0) (2, 0, 0, 0), (0, 0, 0, 1), (0, 1, 0, 1) .
Finally, in each remaining case it is easy to determine d 3 (M ) and, consequently, M n is rationally homotopy equivalent to one of the following manifolds:
The T k -equivariance comes directly from [15] .
It remains only to show that the manifolds arising in Theorem 5.2 fall into only finitely many rational homotopy types. The more difficult case of ( s i=1 S 3 )/T 2 will be postponed until Section 6. Proposition 5.3. Suppose S 1 acts freely and linearly on
For the sake of notation, let P = S 5 × m i=1 S 3 . First note that, since S 1 acts freely on P , there is a principal S 1 -bundle S 1 → P → P/S 1 . As S 1 also acts (freely) on the contractible space ES 1 , there is an associated bundle ES 1 → P S 1 → P/S 1 , where P S 1 is the Borel construction. Hence, P S 1 and P/S 1 are homotopy equivalent, and the fibre bundle P → P S 1 → BS 1 associated to the universal S 1 -bundle becomes (up to homotopy)
The minimal models of P and 
is in stark contrast to the general situation. Indeed, in [6, 8, 25] it has been shown that, already in dimension 7, there are infinitely many distinct homotopy types of such manifolds, distinguished by their cohomology rings.
In the proof of Theorem 5.2, the only case where the existence of an effective torus action of maximal rank is truly required is when
In all other cases, in order to compute the minimal model, it suffices to know that there is an almost-free torus action of rank n 3 (for n ≡ 1 mod 3) or n 3 − 1 (for n ≡ 1 mod 3). If, in the exceptional case, one assumes only the existence of an almost-free torus action of rank n 3 − 1, then the result becomes much less rigid.
Proposition 5.5. In each dimension n = 3m + 4 ≡ 0 mod 4, there are infinitely many rational homotopy types of closed, smooth, simply connected, rationally elliptic manifolds which admit a free torus action of rank n 3 −1 = m, but which do not admit an effective torus action of rank 
As this model has cohomological dimension n−m = 2m+4 In this section, it is shown that, in each dimension, there are only finitely many rational homotopy types of manifolds given by quotients of N i=1 S 3 by a free, linear T 2 action. Recall first that, up to equivariant diffeomorphism, there is a unique (smooth) effective T 2 action on S 3 , given by (z, w) * q = zu + wvj, where z, w ∈ S 1 ∈ C and q = u + vj ∈ S 3 ⊆ H, for u, v ∈ C with |q| = |u| 2 +|v| 2 = 1. As a consequence, any linear, effective T 2 action on a product N i=1 S 3 arises from a homomorphism T 2 → T 2N and can be written in the form
as above, and the integers a i , b i , k i and l i satisfy gcd(a 1 , . . . , a N , b 1 , . . . , b N ) = 1 and gcd(k 1 , . . . , k N , l 1 , . . . , l N ) = 1 (to ensure effectiveness).
It is a simple exercise to check that such an action is free if and only if, for all choices (c i ,
where, for any matrix A, |A| denotes its determinant.
Theorem 6.1. Suppose that a manifold M arises as the quotient of N i=1 S 3 , N ≥ 3, by a free, linear T 2 action. Then M is rationally homotopy equivalent to either
where T 1 (S 2 × S 2 ) denotes the unit tangent bundle of S 2 × S 2 .
In order to establish Theorem 6.1, the following lemma will be useful.
Lemma 6.2. Suppose that T 2 acts freely and linearly on N i=1 S 3 via an action of the form (6.1). Then it may be assumed, without loss of generality, that a 1 = 0, k 1 = 0, (b 1 , l 1 ) = (0, 0) and k 2 l 2 = 0.
Proof. Suppose first that a i b i = 0 for all i = 1, . . . , N . For each i, set c i to be whichever of a i and b i is equal to zero. However, by the freeness condition (6.2), this is impossible. Indeed, it would imply that there is some point with isotropy group containing an S 1 . Thus there is some i ∈ {1, . . . , N } such that a i b i = 0. As swapping factors in N i=1 S 3 is an equivariant diffeomorphism, it may be assumed that i = 1.
Consider now the term z a 1 w k 1 in the first factor. If d = gcd(a 1
Similarly, the old term z b 1 w l 1 becomes x b 1 s−l 1 r y −b 1 n+l 1 m . As ms − nr = 1 and b 1 = 0, these indices cannot be simultaneously zero. Thus, after relabelling x, y with z, w and relabelling the indices in the new parametrisation appropriately, it may be assumed without loss of generality that the indices of the action on the first factor satisfy a 1 = 0, k 1 = 0 and (b 1 , l 1 ) = (0, 0).
Given now k 1 = 0, it follows from freeness, by the same argument as for a i b i above, that there must be some i > 1 such that k i l i = 0. By swapping factors if necessary, it may be assumed without loss of generality that i = 2.
The following technical lemma will be crucial in the proof of Theorem 6.1.
. . , N , are integers for which the conditions in (6.2) hold and such that a 1 = 0, k 1 = 0, l 1 = 0 and k 2 l 2 = 0. Suppose further that gcd(b 1 , l 1 ) = 1. Then the matrix
If the rank is precisely 2 then there exists ε ∈ {±1} such that, for all j = 2, . . . , N ,
Proof. First notice that the statement is trivial for N = 2, since the terms on the left-and right-hand side must each be equal to ±1 by considering the conditions (6.2). Here it is important that a 1 = 0. From now on assume that N ≥ 3. The rank of the matrix is clearly at least two, since the first two columns are linearly independent. If the rank is precisely 2 then, for all i = 3, . . . , N , there exist λ i , µ i ∈ Q such that
For all j = 2, . . . , N , define
By (6.6), y i = µ i y 2 , for all i = 3, . . . , N . On the other hand, from (6.4), (6.5) and (6.6) it follows that, for all i = 3, . . . , N ,
Therefore, since y 2 = 0, the matrix
has rank 1 and the rows must be linearly dependent. Thus there are integers r, s ∈ Z with gcd(r, s) = 1 such that rx j = sy j for all j = 2, . . . , N.
It turns out that s = ±1. Indeed, otherwise s = 0 mod p, for some prime p > 1. Since gcd(r, s) = 1, it would then follow that x j = 0 mod p, for all j = 2, . . . , N . Hence, for each j = 2, . . . , N , one could choose (c j , m j ) ∈ {(a j , k j ), (b j , l j )} such that
By the linearity of the determinant in the second column, for every 2 ≤ j 1 < j 2 ≤ N one has (modulo p)
as well as
Since gcd(b 1 , l 1 ) = 1, it would follow that
= 0 mod p, for every 2 ≤ j 1 < j 2 ≤ N . However, this would ensure the existence of pairs (c 1 , m 1 ) , . . . , (c N , m N ) such that the condition (6.2) fails, contradicting the hypothesis.
As a consequence, r = 0 as, otherwise, y 2 = 0, which contradicts the hypothesis k 2 l 2 = 0. Moreover, any prime divisor of r divides y j , hence either k j or l j , for all j = 2, . . . , N . By setting (c 1 , m 1 ) = (a 1 , k 1 ) = (a 1 , 0) and by choosing appropriate (c j , m j ), j = 2, . . . , N , one readily finds a contradiction to the hypothesis that (6.2) holds. As r = 0, it follows that r = ±1. This completes the proof.
As illustrated in the lemma below, it is often possible to reduce minimal models to a simpler form. where α, γ = 0, or
Proof. In the first case, if β = 0 the statement is trivially true by rescaling x 1 and x 2 . Suppose β = 0. The desired change of basis is then given bỹ
In the second case, the appropriate change is given bỹ
Proof of Theorem 6.1. Following the discussion before the statement of the theorem, every free, linear T 2 action on N i=1 S 3 is equivariantly diffeomorphic to one of the form (6.1). As a consequence, only such actions need be considered. Moreover, every such action is, in fact, a biquotient action. That is, there is a homomorphism f : T 2 → S 3 × S 3 yielding a free two-sided action of T 2 on the Lie group S 3 . On the i th factor this action is given by
Since the parity of a i ± b i (resp. k i ± l i ) does not depend on the choice of sign, the action is well defined.
Recall that a Lie group L has the rational homotopy type of a product S 
where (B f ) * : H * (BG; Q) ⊗ H * (BG; Q) → H * (BH; Q) is the map induced by the (injective) homomorphism f : H → G × G which describes the free action of H on G. In order to compute the map (B f ) * , one need only follow the procedure as laid out in [7] (for further explicit examples, see [13] , [23] , [5] ).
In the present situation, G = 
It now follows easily that the minimal model for (
where D(s 1 ) = D(s 2 ) = 0 and
for all i = 1, . . . , N . By Lemma 6.2, it may be assumed without loss of generality that a 1 = 0, k 1 = 0, (b 1 , l 1 ) = (0, 0) and k 2 l 2 = 0. By rescaling the x i appropriately, it can be further assumed that a 1 = 1 and gcd(b 1 , l 1 ) = 1. Under these assumptions the matrix associated to the map
is the one that appears in Lemma 6.3, and, in particular, its image has dimension at least 2.
If D 3 has a three-dimensional image, then there is a unique minimal model and hence a unique rational homotopy type, since there is always some basis {y 1 , . . . , y N } for H 3 (G; Q) = Q N , with N ≥ 3, such that An action achieving this model is given by setting
where q 3 = u 3 + v 3 j ∈ S 3 ⊂ H as usual. One sees this as follows: The projection onto the first two S 3 factors shows that this is an S 3 -bundle over S 2 × S 2 . The associated vector bundle E is the quotient of S 3 × S 3 × H by the T 2 action described above and it suffices to show that E is the tangent bundle of S 2 × S 2 . By considering the z-and w-circle actions separately, it is clear, however, that E = (S 3 × C)/S 1 × (S 3 × C)/S 1 , where the Euler class shows that each factor is T S 2 .
then, using the linearity of the determinant function in the first column, the system of equations reduces to
for all j = 2, . . . , N . By Lemma 6.3, it follows that there is some ε ∈ {±1} such that
As k 2 l 2 = 0 and the image of D 3 is two dimensional, letx ′ 2 be the appropriate rescaling ofx 2 , andx ′ j be the relevant linear combinations of x 1 andx ′ 2 , such that the differential D can be written as
Partial classification in low dimensions
In low dimensions, the classification in Theorem B can be significantly strengthened. If M 3 is a smooth, closed, simply connected, rationally elliptic manifold of dimension three, then, by the Poincaré Conjecture, M 3 is diffeomorphic to S 3 and admits a unique free S 1 action, the so-called Hopf action, and infinitely many almost-free S 1 actions (see, for example, [29] ). Moreover, as there is a unique effective T 2 action on S 3 (see [26] ), the classification of effective torus actions up to equivariant diffeomorphism is complete.
A classification up to homeomorphism of closed, simply connected, rationally elliptic 4-manifolds can be found in [30] , with the complete list consisting of the spaces S 4 , CP 2 , S 2 × S 2 and CP 2 # ± CP 2 . This can be improved to (equivariant) diffeomorphism in the presence of a smooth circle action by employing a result of Fintushel [12, Theorem 13 .2] combined with the Poincaré Conjecture. By Proposition 2.1, none of these 4-manifolds can admit an almost-free S 1 action. On the other hand, since a maximal effective torus action is of rank two (i.e. of cohomogeneity two), the classification of such actions up to equivariant diffeomorphism follows from the results in [14] and [18] .
Closed, simply connected manifolds of dimension five have been classified up to diffeomorphism by Barden [3] . If a closed, simply connected manifold M 5 is assumed to be rationally elliptic, then Proposition 2.1 can be used to determine the rational homotopy groups and, hence, the minimal model and rational cohomology ring for M 5 . It follows that M 5 is either a rational homology 5-sphere or has Betti numbers b 2 (M 5 ) = b 3 (M 5 ) = 1. From Barden's classification, it is clear that there are infinitely many possible diffeomorphism types. If M 5 admits, in addition, a free S 1 action, then the quotient B 4 = M 5 /S 1 is a closed, simply connected, rationally elliptic 4-manifold with 1 ≤ rank(π 2 (B 4 )) ≤ 2, hence is homeomorphic to one of CP 2 , S 2 × S 2 or CP 2 # ± CP 2 . Since M 5 is simply connected, the Gysin sequence and [3] together yield that M 5 is diffeomorphic to one of S 5 , S 3 ×S 2 or S 3× S 2 , the non-trivial S 3 -bundle over S 2 . If the circle action on M 5 is assumed to be only almost free, the classification result of Kollár [24] describes which 5-manifolds arise. In particular, there can be torsion, albeit strongly restricted, in the cohomology ring.
If the rationally elliptic manifold M 5 admits a maximal effective torus action, that is, a torus action of rank three, then a combination of the work of Oh [28] with the classification in [3] yields that M 5 must again be diffeomorphic to one of S 5 , S 3 × S 2 or S 3× S 2 . Moreover, the results in [14] give a classification of such actions up to equivariant diffeomorphism.
In dimension six, closed, simply connected manifolds have been classified by Wall [33] , Jupp [21] and Zhubr [35] . In particular, every closed, simply connected 6-manifold M 6 is diffeomorphic to a connected sum of the form M 6 0 #M 6 1 , where H 3 (M 6 0 ; Z) is finite and M 6 1 is a connected sum of copies of S 3 × S 3 . If M 6 is rationally elliptic and admits an almost-free T 2 action (in fact, an almost-free circle action is sufficient), then one can easily determine from Proposition 2.1 that M 6 has Betti numbers b 2 (M 6 ) = 0 and b 3 (M 6 ) = 2, that is, M 6 ∼ = M 6 0 #(S 3 × S 3 ), where M 6 0 is a rational homology 6-sphere. It is not clear which such M 6 admit an almost-free T 2 action. However, if the T 2 action on M 6 is free, then, being the total space of a principal bundle over a closed, simply connected, rationally elliptic 4-manifold with b 2 (M 6 /T 2 ) = 2, it turns out that M 6 is homeomorphic, hence diffeomorphic, to S 3 × S 3 .
On the other hand, the case where M 6 admits an effective T 4 action is very rigid. Indeed, it follows from [27] that M 6 is equivariantly diffeomorphic to S 3 × S 3 equipped with its unique smooth, effective T 4 action.
In dimensions 7 to 9, it is also possible to obtain a classification in some special cases, although a general classification seems out of reach at present. Nevertheless, Theorem 7.1 below provides further evidence for the conjecture in the introduction. First, using the notation established in Section 3, recall that the proofs of Theorem A and Theorem B yield s = n − k whenever k = 2n 3 . Thus M n admits an almost-free action by a subtorus of rank k − s = 2k − n.
Theorem 7.1. Let M n be a smooth, closed, simply connected, rationally elliptic n-dimensional manifold, 7 ≤ n ≤ 9, equipped with a smooth, effective action of the torus T k of rank k = 2n 3 . Suppose further that H 2 (M n ; Z) is Now, in the proof of Theorem B it was shown that d 2 (M n ) = b 2 (M n ) ∈ {0, 1, 2},with restrictions depending on n, and the possible values of the k i were determined in each case, as these follow from the possible values of d j (M n ). Hence, M n must be homeomorphic to a manifold of one of the forms listed in the statement of the theorem.
Finally, the equivariance of the homeomorphism follows from [34] together with the uniqueness of maximal-rank, linear actions on products of spheres.
As an interesting and illustrative example, the Lie group SU(3) is rationally homotopy equivalent to S 3 × S 5 , but π 4 shows that they are not even homotopy equivalent, never mind homeomorphic. Given that there exist (at least two, see [7] ) free torus actions on SU(3) of rank 8 3 = 2, Theorem 7.1 states that such an action cannot be extended to a smooth, effective torus action of rank 16 3 = 5, even though there are extensions to T 4 actions. It is expected that SU(3) does not admit any smooth, effective T 5 actions whatsoever.
Remark 7.2. (a) There are several articles dealing with the classification up to diffeomorphism of the manifolds which appear in the conclusion of Theorem 7.1. See, for example, [6, 8, 25] . (b) The difficulty in extending Theorem 7.1 to higher dimensions lies in establishing that H * (B 2(n−k) ; Z) has no torsion in odd degrees. This is essential in order to apply the results in [34] in the case that M n is rationally elliptic. On the other hand, by assuming in [9] that M n possesses instead an invariant metric of non-negative curvature, the authors avoid this issue entirely. In general, it is unclear how to proceed if the T 2k−n action on M n is only almost free.
